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Optimization and Training



How UTF-8 Decodes from Bytes to a String

• Each character starts with a set of header bits that tells us how many bytes are in 
the character: 

• Each byte after the first in a character always starts with 10xxxxxx 

• Example: “😀?”

0xxxxxxx
110xxxxx
1110xxxx

Contains 1 byte
Contains 2 bytes
Contains 3 bytes

11110xxx Contains 4 bytes

11110000 10011111 10011000 10000000 00111111



A Quick Review of Stochastic Gradient Descent

• Stochastic gradient descent (SGD) works by: 

• Computing the loss on a given example 

• Taking the derivative of the loss w.r.t. all parameters (the gradient) 

• Using the gradient to update all learnable parameters

w′￼ = w − α
∂L
∂w

Learning rate

Weights/parameters

Gradient



A Quick Review of Stochastic Gradient Descent
SGD is easy to implement in PyTorch:



A Quick Review of Stochastic Gradient Descent

• Because our gradients come from 
mini-batches, they can be pretty noisy! 

• Leads to inefficient/suboptimal learning



A Theoretically Better Method

• SGD is a “first-order” method: relies only on gradient (first derivative) 

• In theory, it would be better to also use the second derivative: 

• Notice: no learning rate necessary! The quadratic is automatically optimized 

• The problem is that computing the inverse Hessian is very computationally expensive

w′￼ = w − ( ∂2L
∂w2 )−1 ∂L

∂w
Gradient

Weights/parameters

Inverse Hessian



Hessian Approximation Methods

• Quasi-Newton methods: 

• BFGS: Instead of directly solving a dense Hessian system ( , where  is 
number of parameters), approximate it with rank-2 updates over time (  
per iteration) 

• L-BFGS: doesn’t require us to store the full Hessian 

• Issue: does not work well with mini-batching (which is necessary with how big 
our datasets are in LM training now)

O(n3) n
O(n2)



Adam

Adam is more efficient and generally works well. It relies on 2 main ideas: 

1. Momentum 
 
 
 

2. Adaptive scaling

Instead of directly applying the gradient, use an exponential weighted moving 
average of the gradient: mt = β1mt−1 + (1 − β1)gt

Reduce the size of the update for features that have high variance/magnitude:

vt = β2vt−1 + (1 − β2)g2

g =
∂L
∂w



Adam

• We combine these two ideas to get our new weights: 

• Now we have three main hyperparameters: 

• The base learning rate  

•  and  

• We pretty much always use  and  

• Larger models sometimes set 

α

β1 β2

β1 = 0.9 β2 = 0.999

β2 = 0.95

w′￼ = w − αt
mt

vt + ϵ  where αt = α
1 − βt

2

1 − βt
1



Adam
[Kingma & Ba, 2015]

The learning curve for Adam 
looks much nicer than for other 
contemporary methods.

The optimization path also looks 
smoother: [Li et al., 2017]



Regularization

• You may recall from your ML course(s) that we use regularization to prevent 
overfitting: 

•  is a hyperparameter controlling the strength 
of the regularizer 

• The blue line in the plot is overfit, while the 
green line is a model that uses regularization

λ

L = CE(x) + λ∥w∥2



AdamW

• Problem with Adam: regularization is mixed into the gradient calculation, which 
doesn’t play nice with Adam’s adaptive scaling 

• AdamW fixes this by applying weight decay directly during the parameter 
update:

Pulls the parameters toward 
0 at each iteration



AdamW

• Aside from the new weight decay operation, AdamW is the same as Adam 

• This change is empirically quite effective: 

• Because of the weight decay parameter, AdamW 
has four main hyperparameters: 

• Initial learning rate  

•  and  

• The weight decay rate 

α

β1 β2

λ

[Loshchilov & Hutter, 2019]



Learning Rate Schedulers

• These days, we don’t use the same learning rate for all of training 

• We start with a warm-up phase: low learning rate for the first few steps 

• Starting with full learning rate can put us in a bad starting spot/make us 
overfit fast 

• We then anneal (lower) the learning rate throughout training 

• A popular choice is a cosine annealing scheduler



Learning Rate Schedulers

• Hyperparameters:  (number of warmup steps),  (step at which we stop 
cosine annealing),  (max learning rate),  (min learning rate) 

• Warmup steps ( ): 

• Cosine annealing ( ): 

• Post-annealing ( ):

Tw Tc
αmax αmin

t < Tw

Tw ≤ t ≤ Tc

t > Tc

αt =
t

Tw
αmax

αt = αmin +
1
2 (1 + cos(

t − Tw

Tc − Tw
⋅ π))(αmax − αmin)

αt = αmin



Cosine Annealing

Warmup Annealing



Gradient Clipping

• Some training examples will have very large gradients, which can destabilize 
training 

• To mitigate this, we can use gradient clipping:

1. Compute gradient  

2. Compute  norm of gradient  

3. If  (the maximum gradient, a hyperparameter), leave gradient as-is 

a. Else, scale gradients: 

g
ℓ2 g = ∥g∥2

g < M

g′￼ =
M

∥g∥2 + ϵ
g



Our LLM so far…

• We now have everything we need (conceptually) to implement our LLM! 

• We use a BPE tokenizer to get subword tokens 

• We use a Transformer architecture 

• Decoder-only model with causal masking 

• Rotary positional embeddings 

• We use AdamW with cosine annealing and gradient clipping



The Dataloader

• Our entire tokenized training dataset can be thought of as a single huge 
sequence of tokens  

• The Dataloader turns this into a stream of batches 

• Using batch size 2 and max seq. length 3:  

• All batches have the exact same length, so no need to pad 

• We’ll sample one batch at a time to avoid having to load the whole dataset at 
once 

• Can use memory mapping to load a batch into memory “on-demand” as 
you sample them

(x1, xD)

([x1, x2, x3], [x4, x5, x6])



Checkpointing

• You should periodically save your model during training 

• If something crashes, you don’t want to have to start from scratch 

• Save checkpoints throughout training. Each checkpoint should contain everything you need to 
resume training: 

• The model parameters  

• The optimizer state (e.g., AdamW’s ) 

• The iteration number (for the learning rate scheduler) 

• PyTorch makes this very easy: any nn.Module and torch.optim.Optimizer has a state_dict() 
method that returns all parameters/states; can save these to disk using torch.save() 

• Can use torch.load() to load from disk, and load_state_dict() to restore parameters/
optimizer state to the Module/Optimizer

θ

mt, vt



Implementation Details

• Recall that we were working with vectors  and matrices  when discussing how 
Transformers work 

• In PyTorch, these are all simply tensors

v M

Tensors

torch.tensor([[1, 2, 3], [4, 5, 6]])

torch.tensor([1, 2, 3, 4, 5, 6])

[1 2 3
4 5 6]

[1 2 3 4 5 6]



Implementation Details

• By default, tensors are saved as 32-bit floats 

• You may sometimes want to use half-precision (16-bit floats) 

• Google developed a format called bfloat (“brain float”)

Data Types

torch.tensor([[1, 2, 3], [4, 5, 6]], dtype=torch.float32)

torch.tensor([[1, 2, 3], [4, 5, 6]], dtype=torch.float16)

torch.tensor([[1, 2, 3], [4, 5, 6]], dtype=torch.bfloat16)



Implementation Details
Data Typestorch.float32

torch.float16 torch.bfloat16

Will underflow at 1e-8 Can go down to 1e-38, but at lower 
precision



Translating Math to PyTorch

• Consider this matrix/vector multiplication: 

• This goes mostly right-to-left: take , multiply by . Transform by , then 
multiply by  

• In PyTorch, the order of these terms looks inverted (left-to-right):

h W1 g
W2

W2g(W1h)

g(h @ W1.T) @ W2.T



einsum

• einsum is a metalanguage for tensor manipulation: 

• Einsum is short for “Einstein summation”, like the kind done with  notation 

• It’s implemented very efficiently. Once you get the hang of it, it may also save you 
a lot of implementation time

Σ

einsum(X, W, ‘i, o i -> o’)

einsum(X, W, ‘i, i o -> o’)

einsum(X, W, ‘l i, i -> l’)

einsum(X, W, ‘... i, o i -> ... o’ )



einsum
Examples

Matrix transpose: Bji = Aij

import torch 
a = torch.arange(6).reshape(2, 3) 
b = torch.einsum(‘ij -> ji’, [a])



einsum
Examples

Matrix-vector multiplication: ci = ∑
k

Aikbk

import torch 
a = torch.arange(6).reshape(2, 3) 
b = torch.arange(3) 
c = torch.einsum(‘ik, k -> i’, [a, b])



einsum
Examples

Matrix-matrix multiplication: Cij = ∑
k

AikBkj

import torch 
a = torch.arange(6).reshape(2, 3) 
b = torch.arange(12).reshape(3, 4) 
c = torch.einsum(‘ik, kj -> ij’, [a, b])



einsum
Examples

Dot product: c = ∑
i

aibi

import torch 
a = torch.arange(3) 
b = torch.arange(3) 
c = torch.einsum(‘i, i ->’, [a, b])



einsum
Examples

Batch matrix multiplication: Cijl = ∑
k

AijkBikl

import torch 
a = torch.randn(3, 2, 5) 
b = torch.randn(3, 5, 3) 
c = torch.einsum(‘ijk, ikl -> ijl’, [a, b])



jaxtyping

• How will we keep track of tensor dimensions? 

• Old way: comments 

• New way with jaxtyping:

a = torch.ones(2, 2, 1, 3)   # [batch, seq_len, heads, hidden]

a: Float[torch.Tensor, “batch seq_len heads hidden”] = torch.ones( 
                                                       2, 2, 1, 3)



Development Tips

• Subsample your dataset while you’re iterating on your implementation and 
hyperparameters 

• Scale back up once everything looks good 

• The HW will tell you to do your experiments on a 40M-token subsample of the 
TinyStories dataset if you’re working without a GPU



Development Tips

• Using a fixed random seed can make debugging easier 

• Note that you’ll need to set the seed for each library for which you’re using 
randomized functionalities:

seed = 1234 

# PyTorch 
torch.manual_seed(seed)

# NumPy 
import numpy as np 
np.random.seed(seed)

# Python 
import random 
random.seed(seed)


